We propose a multidimensional ͑MD͒ pump-probe method to image the coupled rovibrational ͑RV͒ nuclear dynamics in small molecules. We apply this imaging method to analyze the laser-induced coherent RV nuclear dynamics in D 2 + in terms of MD quantum-beat ͑QB͒ spectra, without and including an external laser field, by solving the time-dependent Schrödinger equation in full dimensionality. These spectra resolve the internuclear distance R and molecular orientation and reveal ͑1͒ the transition frequencies between stationary vibrational and rotational states, ͑2͒ their nodal structures, ͑3͒ RV couplings, including ͑4͒ their influence on the nuclear dynamics on field-free ground state and laser-dressed potential surfaces, and ͑5͒ offer an interpretation for an unexplained structure in recently measured QB spectra. Impressive advances in multi-time scale spectroscopic methods have transformed nuclear magnetic resonance spectroscopy into a powerful imaging technique, using the socalled "two-dimensional ͑2D͒ Fourier-transformation ͑FT͒ spectroscopy ͓1͔" and have recently allowed for the identification of reaction pathways in complex biochemical reactions, e.g., in light-harvesting photosynthetic proteins ͓2͔ and in polypeptides during conformational changes ͓3͔. In 2D FT spectroscopy, spatial and temporal resolutions are obtained by exciting a target with a sequence of three synchronized mutually delayed fs laser pulses and the delayed detection of the three-pulse photon echo in amplitude and phase. Subsequent FT with respect to two delay times yields 2D frequency maps of the target's response from which information on the transient refraction, absorption, and structure of the target can be extracted. This novel method is capable of resolving the intramolecular and intermolecular flow of ͑vibra-tional and excitonic͒ energy in space and time with nanometer and femtosecond ͑fs͒ resolution ͓1,2͔.
Impressive advances in multi-time scale spectroscopic methods have transformed nuclear magnetic resonance spectroscopy into a powerful imaging technique, using the socalled "two-dimensional ͑2D͒ Fourier-transformation ͑FT͒ spectroscopy ͓1͔" and have recently allowed for the identification of reaction pathways in complex biochemical reactions, e.g., in light-harvesting photosynthetic proteins ͓2͔ and in polypeptides during conformational changes ͓3͔. In 2D FT spectroscopy, spatial and temporal resolutions are obtained by exciting a target with a sequence of three synchronized mutually delayed fs laser pulses and the delayed detection of the three-pulse photon echo in amplitude and phase. Subsequent FT with respect to two delay times yields 2D frequency maps of the target's response from which information on the transient refraction, absorption, and structure of the target can be extracted. This novel method is capable of resolving the intramolecular and intermolecular flow of ͑vibra-tional and excitonic͒ energy in space and time with nanometer and femtosecond ͑fs͒ resolution ͓1,2͔.
In this Rapid Communication we present an alternative imaging method, multidimensional-quantum-beat ͑MD-QB͒ spectroscopy, that allows for the resolution of the nuclear dynamics in frequency and two spatial degrees of freedom. This method extends conventional ͑two pulse and onedimensional͒ pump-probe spectroscopy that, in conjunction with advanced fs laser technology, is rapidly promoting the observation, analysis, and control of the nuclear dynamics in small molecules ͓4-9͔, thereby contributing significantly toward reaching the ultimate goals of imaging and steering complex chemical reactions with laser light ͓10-13͔. For diatomic molecules, the MD-QB method directly provides temporal resolution ͓in terms of fragment-kinetic-energyrelease ͑KER͒ spectra ͓4-6,14,15͔ taken for a sequence of pump-probe delays ͔ and spatial information ͓obtained by "Coulomb explosion ͑CE͒" imaging by the probe laser pulse from the KER ͓16,17͔͔. The CE imaging technique has been applied in pump-probe experiments to reveal not only the classical motion of the nuclear wave packets' center of mass but also purely quantum-mechanical effects, such as cycles of wave-packet dephasing and revival ͓4,6,8,14,18͔, in agreement with theoretical predictions ͓16͔. By solving the time-dependent Schrödinger equation ͑TDSE͒ in full dimensionality for electrons and nuclei, we illustrate the MD-QB imaging method for the example of the simplest molecule, D 2 + , and obtain complete information of the rovibrational + where it evolves, continuously changing its distribution in R and . Middle graph: probability density of the wave packet in D 2 + at t = 120 fs. Ionization by a probe laser pulse after a delay of, e.g., = 540 fs projects the wave packet onto the repulsive ͑1 / R͒ potential surface of the 2D + -system ͑top graph͒, leading to fragmentation by CE. Measurement of the KER of the D + fragments as a function of enables the characterization of the wave-packet dynamics in terms of R-and -dependent spectra.
͑RV͒ nuclear dynamics induced by a short and intense laser pulse ͑Fig. 1͒. In particular, we show that the second, rotational degree of freedom in D 2 + determines the structure of QB spectra over a large frequency range even if only one spatial degree of freedom ͑R͒ is resolved, allowing a consistent interpretation of up to now unexplained experimental data ͓11͔.
Apart from quantum-classical hybrid models ͓19͔, by far most theoretical investigations of the laser-driven nuclear motion in diatomic molecules neglect molecular rotation and assume that the nuclei remain aligned along the linear polarization of pump and probe pulses ͓4,8,11,17,20͔ . While the rotation period T rot of D 2 + is more than an order of magnitude larger than the vibration period ͑Ϸ22 fs͒, a comprehensive study of the nuclear motion needs to include the molecular orientation angle even for laser pulses that are short compared to T rot in order to correctly account for the nuclear evolution for times տT rot ͓6,18,19,21-23͔.
We performed exact quantum-mechanical calculations for the coupled electronic and nuclear motion in D 2 + in a linearly polarized laser electric field for times T ӷ T rot and analyze the RV nuclear probability density in terms of R-and -dependent QB spectra. The energy resolution of these spectra can be systematically improved by increasing T, which we choose sufficiently large ͑49 ps͒ to resolve the beat frequencies between all occupied rotational and vibrational levels ͓20͔.
The QB imaging scheme consists in first eliminating the static background stat in the nuclear probability density and then Fourier transforming dyn ͑R , , ͒ = ͑R , , ͒ − stat ͑R , ͒ as a function of over the finite delay interval 0 Ͻ Ͻ T at fixed R and . This provides the R-and -dependent representation of the nuclear density dyn ͑R , , f͒ as a function of the frequency f. We define Rand -dependent power spectra A͑R , f͒ = ͉͐sin͑͒d dyn ͑R , , f͉͒ 2 and W͑ , f͒ = ͉͐dR dyn ͑R , , f͉͒ 2 and the corresponding spectral line intensities A͑f͒ = ͐dRA͑R , f͒ and W͑f͒ = ͐d sin͑͒W͑ , f͒. In order to obtain ͑R , , ͒ = ͐d 3 r͉͑R ជ , r ជ , ͉͒ 2 , we solve the time-dependent Schrödinger equation for D 2
where r ជ denotes the electronic coordinate, T the nuclear kinetic energy, and Ĥ el denotes the electronic Hamiltonian. We use atomic units throughout this Rapid Communication unless noted otherwise. The laser-electric field ⑀͑t͒ = ⑀ 0 f͑t͒cos L t is assumed to be linearly polarized along the z axes and is expressed in terms of the carrier frequency L , amplitude ⑀ 0 , and envelope f͑t͒. We expand the total wave function of D 2 + in the external laser field in terms of field-free adiabatic electronic wave functions ͕ i ͖ with corresponding energy surfaces ͕E i ͑R͖͒,
and solve the electronic Schrödinger equation,
for a large number of fixed internuclear distances ͓24͔.
Neglecting all non-Born-Oppenheimer ͑BO͒ dynamical couplings between the states ͕ i ͖ and inserting Eq. ͑2͒ into Eq. ͑1͒ leads to a set of coupled equations for the nuclear wave function ⍀ ជ ͑R , , t͒ = (⍀ 1 ͑R , , t͒ , ⍀ 2 ͑R , , t͒ ,...),
The matrix T is diagonal with elements We first discuss the nuclear dynamics in D 2 + without an external laser field. Initiated in the 1s g surface of D 2 + , the nuclear wave functions ⍀ i remain uncoupled, and we only need to consider the 1s g component
which is expanded in terms of stationary vibrational states ͕ ,l ͖ of D 2 + with RV energies ͕E l ͖. Using the orthogonality of ,l and Ј ,l and all ͕P l ͖, the power spectra become
͑7͒
where
These spectra are peaked at the beat frequencies f l, Ј l Ј where their dependence on R and exposes the nodal structure of ͑pairs of͒ vibrational and angular wave functions, respectively ͑Fig. 2͒. Compared with the power spectra ͓Figs. 2͑a͒ and 2͑c͔͒ and line intensities ͓Figs. 2͑b͒ and 2͑d͔͒ for aligned molecules, rotation leads to the splitting of every → Ј vibrational beat frequency into multiple lines ͓Figs. 2͑e͒-2͑h͔͒ that correspond to different rotational states l in Eq. ͑6͒. This rotational substructure is recognized at high resolution in Figs. 2͑g͒ and 2͑h͒ as the splitting of the two lowest vibra-tional beat frequencies into RV multiplets. The appearance of such multiplets of lines is due to RV couplings, i.e., to the fact that the energies E l cannot be written as a sum of vibrational and rotational energies ͑E l E + E l ͒. If this were possible, the RV manifolds would collapse to just one line at 2f l, Ј l = ͑E + E l ͒ − ͑E Ј + E l ͒ = E − E Ј . To find out which vibrational transition belongs to which l, we add the rotational kinetic energy l͑l +1͒ / ͑2R 2 ͒ to the ground-state BO surface to obtain V ef f ͑R͒ = E 1 ͑R͒ + l͑l +1͒ / ͑2R 2 ͒. In this effective potential the distances between the vibrational eigenenergies are smaller for larger l and the frequencies f l, Ј l lower ͓Fig. 2͑h͔͒.
The field-free results in Figs. 2͑a͒, 2͑c͒, 2͑e͒, and 2͑g͒ display the nodal structure of the stationary vibrational states in the 1s g of D 2 + and thus retrace, near the classical turning points, the contour of the 1s g BO potential curve ͑strictly speaking its derivative ͓20͔͒. Similarly, the nodal structure of products of rotational eigenstates P l ͑͒ is mapped onto the -dependent power spectra ͓Fig. 2͑i͔͒. As shown in the dominant first term of Eq. ͑7͒, there is a series of rotational l → lЈ transitions with a different nodal structure in for every vibrational state . For fixed l and lЈ, the f l,l Ј decrease for increasing ͓Fig. 2͑j͔͒. Note that all these lines would coincide in the absence of RV coupling.
The nodal structures in Fig. 2͑i͒ can be easily understood in comparison with the rigid rotor approximation for D 2 + ͓Figs. 2͑k͒ and 2͑l͔͒ whose kinetic energy is the expectation value of the rotational energy, L ជ 2 / ͑2m͒͗R −2 ͘ in l for a fixed vibrational quantum number . We chose =0 ͓͗R −2 ͘ = 0.2455, Fig. 2͑k͔͒ and =10 ͓͗R −2 ͘ = 0.1615, Fig. 2͑l͔͒ , resulting in noticeably shifted rotational transitions lines. The lowest spectral lines in Figs. 2͑k͒ and 2͑l͒ are rotational QBs of the l = 0 and l = 2 rotational states ͑P l has l nodes͒. The next spectral line has six nodes and corresponds to QBs of l = 2 with l = 4 states. The third spectral line, which is distinctly visible in both spectra, corresponds to the interference of l = 0 and l = 4 stationary states, whose energy difference for = 0 and 10 states is larger than for the other two lines. Note that the l =2→ 4 line for = 0 has a higher energy than the l =0→ 4 transition for = 10. Accordingly, series of rotational FIG. 3 . ͑Color online͒ Power spectra A͑R , f͒, W͑ , f͒ and spectral line intensities A͑f͒, W͑f͒ of the RV wave-packet dynamics in D 2 + under the influence of a probe pulse pedestal, without ͓͑a͒-͑d͔͒ and including ͓͑e͒-͑l͔͒ molecular rotation. ͓͑c͒, ͑d͒ and ͑g͒, ͑h͔͒ are frequency and radius zooms into the BH region of ͑a͒ and ͑e͒. ͓͑i͒ and ͑j͔͒ are frequency zooms of ͑e͒ and ͑f͒ into the rotationdominated part of the spectrum. ͓͑k͒ and ͑l͔͒: W͑ , f͒ and W͑f͒ within the "bump"-shaped region in ͑i͒ and ͑j͒ around f = 2 THz. + without ͓͑a͒-͑d͔͒ and including molecular rotation ͓͑e͒-͑l͔͒. ͓͑a͒, ͑c͒, ͑e͒, and ͑g͔͒ show A͑R , f͒; ͓͑b͒, ͑d͒, ͑f͒, and ͑h͔͒ corresponding A͑f͒. ͑i͒: W͑ , f͒; ͑j͒: corresponding W͑f͒. ͑k͒,͑l͒: W͑ , f͒ in fixed rotor approximation, with an internuclear distance equal to the expectation value of R −2 in the 1s g , = 0 vibrational ground ͑k͒ and =10 excited state ͑l͒.
beat frequencies for different ⌬l overlap ͓Figs. 2͑i͒ and 2͑j͔͒.
Our results for the evolution of a RV wave packet under the influence of a 50 fs ͑full width-half maximum͒ 10 13 W / cm 2 sin 2 -shaped probe pulse pedestal are shown in Fig. 3 . This calculation reproduces all RV-coupling effects in the field-free scenario in Fig. 2 . In addition, the R-dependent rotation-free power spectra in Figs. 3͑a͒ and 3͑e͒ show dissociation via "1-bond softening." Figure 3͑a͒ shows weak evidence for transiently trapped "bond hardening ͑BH͒" ͓20,26͔, which mostly disappears after the inclusion of molecular rotation in Fig. 3͑e͒ . As for the field-free case in Fig.  2 , vibrational lines of the nonrotating molecular ion ͓Figs. 3͑a͒-3͑d͔͒ split into RV multiplets once the ion is allowed to rotate ͓Figs. 3͑e͒-3͑l͔͒. The combined effect of laser-dressing and rotation diffuses the but distinct BH vibrational QB lines in Figs. 3͑c͒ and 3͑d͒ into spread out very faint multiplets in Figs. 3͑g͒ and 3͑h͒ .
At lower frequencies, purely vibrational lines disappear for R Շ 4 ͓Fig. 3͑a͔͒, exposing lines that originate in RV couplings and occur at identical QB frequencies in Figs. 3͑i͒ and 3͑j͒ and Figs. 3͑k͒ and 3͑l͒ in R-and -dependent spectra, respectively. Note, in particular, that these lines do not occur in the field-free case ͓Fig. 2͑e͔͒ because in this case the RVwave functions ͑5͒ factorize. Below 3 THz all lines in Figs. 3͑k͒ and 3͑l͒ are due to vibrationally split l =0→ 2 QBs, consistent with the two angular nodes in Fig. 3͑k͒ . Note further that exactly the same RV beat frequencies, which appear in the -dependent spectrum for all vibrational states ͓Fig. 3͑l͔͒, also occur in the R-dependent spectrum ͓Figs. 3͑i͒ and 3͑j͔͒. These RV couplings in the presence of the laser field match the up to now unexplained "rotational excitation" lines in the first measured R-dependent QB spectra ͓11͔.
In conclusion, we presented an application of MD-QB spectroscopy to analyze the coherent RV nuclear motion in D 2 + . We discussed how this method reveals the nodal structure of bound RV states. In contrast to earlier studies for nonrotating molecules, our numerical propagation of RV wave packets generates QB spectra that display RV coupling effects and help in identifying such effects in recent proofof-principle measurements ͓11͔. For the future, MD-QB spectroscopy offers an approach for imaging laser-dressed potential surfaces and for quantifying both, RV coupling and field-dressed effects in molecules based on a time series of measured KER spectra.
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